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Abstract 

We explicitly prove the equivalence and construct a dictionary between 
two different supersymmetric formalisms for five- dimensional theories com- 
monly used in the literature. One is the real formalism, which consists in 
doubling the number of degrees of freedom and then imposing reality con- 
straints and the other is the usual superfield formalism. 
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1 Introduction 



The superspace description of 4D N = 1 super symmetry was firstly intro- 
duced by Wess and Zumino in 1974 and quickly developed by other au- 
thors [1]. It consists of a representation of the supersymmetric algebra on 
the so called superspace: a manifold spanned by the usual spacetime coordi- 
nates plus a set of anticommuting spinorial variables (6,6). The irreducible 
representations of supersymmetry are now functions on the superspace called 
superfields, which contain the dynamical degrees of freedom plus auxiliary 
fields furnishing a representation of the superalgebra, and invariant actions 
can be easily constructed projecting the (product of) superfields onto 6'^9^ 
component or 6"^ {O"^) if they are chiral (anti-chiral) superfields [2]. For ex- 
tended supersymmetries, N > 2, the irreducible representations can be split 
into N — 1 superfields and invariant actions can be constructed the same 
way by requiring them to respect the global i?-symmetry of the algebra. For 
instance, in 5D = 1 supersymmetry, which corresponds to = 2 from 
the 4D point of view, the matter hypermultiplct can be decomposed into two 
4D-chiral superfields^ while the vector hypermultiplct can be expressed as 
one 4D-chiral superfield and one 4D- vector superfield [4] . 
As we already pointed out, with the superfield formulation one can build up 
invariant actions in a rather systematic way, which is a great advantage in 
writing invariant couplings with respect to the component field formulation. 
In this sense, the aim of the present paper is to shed some light on the formal- 
ism used in Refs. [5, 6]. More precisely, the starting point is a model defined 
in a 5D manifold with 4D boundaries [6] (the so called interval approach) and 
mass like terms strictly localized on the latter^ and where all the fields are 
subject to reality constraints, the dictionary shall consist then in rewriting 
the whole action in terms of superfields [7]. 

This translation, as we will see, helps us to better understand the process of 
supersymmetry breaking by boundary terms. 

The paper is organized as follows: In section 2 we will quickly review the 

^This is not always the case. For N = 1 in 6D there is no off-shell formulation for the 
(massive) matter hypermultiplct. The reason is that the minimal (massive) multiplct with 
1/2 as maximum helicity in 6D should be equivalent to an 5D N = 2 multiplet, and hence, 
charged under a central generator of the algebra. However, there is no central charge for 
iV = 1 in 6D [3]. For massless representations, however, the central charge realizes trivially 
on the physical states. 

^Being thus equivalent to an orbifold scenario with bulk odd masses. 
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model. In section 3 we will present the real-to-superfield dictionary, that is: 
the invariant action will be rewritten in terms of superfields and section 4 
will be devoted to the supersymmetry breaking pattern. Finally, in section 5 
we present our conclusions and an appendix is added at the end of the paper 
just containing some more technical details of the translation. 



2 Real Formalism Revisited 

As it was mentioned in the introduction, the model is defined in a fiat 5D 
manifold with boundaries: S = M4 x /, M4 being the 4D Minkowski space, / 
the interval [0, ttR] and R the compactification radius. The metric signature 
is taken as timn = diagonal (+1, —1, —1, —1, —1) and the field content of 
the hypermultiplet in 5D is Fj) where $i are complex scalars and Fj 

auxiliary fields, both transforming as doublets of SU{2)ji while ^ is a Dirac 
fermion. To have a manifest SU (2)jj covariance in the superalgebra we use 
the = 2 5D structure [8] 

{Qi :Qj}^ 7^C Pm + €ijZ C , (1) 

subject to a symplectic Majorana (SyM) constraint 

= = e^^QjC , (2) 

where e'-' is the total antisymmetric tensor and 

is the 5D charge conjugation matrix verifying C C — — {j^)'^ ■ In addi- 
tion 7^ = ^7^, with^ 7^ = — 17^ and 7^ = ^ q ^1 ) ' -^^^^^^y' 

the spacetime translation generators, Z is a central charge and consistency 
with (2) imposes Z to be hermitian. Now it is clear how the real formahsm 
is implemented: we double the number of degrees of freedom and impose 
reality constraints, that is 

M" = ($,,^,F,)", (4) 



^The dotted index stands for a Lorentz one and hence 7^ = —75 
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where i is an SU{2)ji index while a is an extra SU{2)h index. Those con- 
straints read 

fr, = (^")S° = 6./3(*TC, (5) 

^, = {^tr^e'^e^p^^., (6) 
which can be compactly written as 

^ = - ^^e ® C , 

The auxiliary fields verifying the same constraint as the scalars. In (6) e^/^ 
is again the total antisymmetric tensor and in both cases {H and R) the 
convention taken is such that e^^ = ei2 = 1. 
The action is given by 

S = ! (--l>9^$ + ^%^aM* + 2FF + 2iFAl$ + ^^A1* 
\ 2 2 2 

where Ai, Sf, Rf = Tf^Sf are hermitian matrices and Nf are real constants, 
A4 and iSj act on SU{2)h indices while Tf act on SU{2)r. The subscript 
/ takes the values 0, tt and indicates the boundary and the prime stands for 
the derivative with respect to the fifth coordinate. The reahty constraints 
ensure the reality of the kinetic term since 

^^^du'^ = -^^Ct^^^mc^ = ^M^^e ® C7^^^ = -dM^-f^"^ , (8) 

$^2^ = $ , (9) 

and for the rest of the terms to be real it is required that Ai, Sf.Tf G su{2), 
thus, we can define (dimensionless) 3- vectors p, Sf,tf such that Ai = Mp ■ a 
and Sf = Sfa,Tf = tf-a, where M is a constant*^ with dimension of energy 
and a are the Pauli matrices. 

can be suitably redefined such that p is a unit vector. 
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2.1 Equations of motion and boundary conditions 

The variational principle applied to the bulk + brane action yields a 5D 
variation (whose vanishing yields the equations of motion) plus a boundary 
one, the latter being 

I [ (-i7^ + 5/) ^ + 5$' (1 + Rf)^ + (-1 + Rf) [$' + iV/$] , 

and thus yielding the boundary conditions 

f 1 -\i'®S^^ = , (10) 



/ 

(l + i?/)$|^ = 0, (11) 
(l-i?;)[$' + iV^$]^ = 0. (12) 

A necessary condition for those restrictions to allow a non trivial solution is 
that the matrices 

1 + i7^ ® 
and 

1 + 
7V^(l-i?/) \-R^ 

must be singular^. Their determinants are easily found to be (l — and 

(l — \sf \ respectively, and hence = = 1. On the other hand, 

the equations of motion for the auxiliary fields are 

F = -^M$, (13) 

2.2 Supersymmetry of the action and boundary con- 
ditions 

The realization of the supersymmetric algebra (1) at the level of the fields 
reads 

(5^$" = ixi^^ 



SxK = —xa^'dM^if^ (14) 



^An exhaustive study of the spectrum allowed by these boundary conditions is made 
in Ref. [6]. 
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whose parameter satisfies an analogous symplectic Major ana reality con- 
straint^ 

X^^(x.)So = 6'^xJC'. (15) 

As we show in Appendix A the boundary conditions are stable under super- 
symmetry if, and only if, ^17^ — Tj^ X = and Nf — M p ■ Sf, where the 

— * — * 

projection on the supersymmctric parameters forces to — t-j^ in order to have 
a non vanishing residual supersymmetry. 

Concerning the supersymmetry of the action, the bulk and boundary pieces 
are not separately invariant, instead the bulk action varies into a total deriva- 
tive which after partial integration combines with the boundary variation to 
give 



(16) 



which cancels upon the use of boundary conditions, provided they are stable 
under supersymmetry, and the equations of motion for the auxiliary fields. 
This is to be expected since being the boundary term on-shelF, the super- 
symmetry requires the boundary conditions to be satisfied [9], this will be 
explicitly shown within our case in the next section. 

On the other hand, the breaking of supersymmetry takes place on the bound- 
aries, whose role is to determine the subspace of possible configurations the 
fields can lie on, and thus it is a spontaneous breaking, which will be checked 
in section 4. 



3 Superfield description 

The real formalism is suitable to make contact between an interval approach 
with boundary mass matrices and an orbifold model with odd bulk masses. 
However it is convenient to translate this formalism into superfield language 

where the cou]:)ling terms are easily implemented. 

^Indeed it is needed to ensure the consistency of the supersymmetric algebra with the 
reahty constraints of the fields. 

''There is no auxiliary field present although it is a mass term. 
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Now to recast the action in superfields we will first consider the case 
Tq = = T, while Nj = p- Sf M, according to what we saw previously and 
for simplicity we will take^ T = —a^ and pq = (0,0, 1), the reason for that 
choice of signs will become clear in a moment. 

Furthermore, the reality constraints (5), (6) and (15) can be solved as 



/ $1 


\ 






-$1* 






/ 


(t) 














) 



(17) 



Xi 



X. = (7). (18) 

and, as it is shown in appendix B, the fields can be split into two chiral 
multiplets according to 

= 0e + V^eVc + i^c^', (19) 

W = + v^eV + ^^^ (20) 



upon the redefinitions 



F J - \ ~2Fl* - ^5 



^Notice that wc can always do so by means of global rotations of SU(2)ji and SU{2)h, 
respectively, although T can not be connected with - T by any unitary transformation. 
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Accordingly, the equations of motion for the auxihary fields can be compactly 
expressed as 



T = e [ip'* + Ma^ip*] = e[ip' + Mpo ■ a ^p]* , 



(21) 



with e the total antisymmetric 2-tensor, while the fermionic boundary con- 
ditions (10) translate into 



(l-S) 

The bosonic sector takes the form 

(l-a3®5)(^_^^^, )=0, 

(l + a3®5) ^ +MS-PO 

or equivalently^ 



0. 



Finally, using the identity 



Ms-pol^-{S,Mo} , 



0, 



(22) 

(23) 
(24) 



(25) 
(26) 



with A4o = MpQ ■ a, and that 

ip^^{l + S)ip, 

Eq. (26) becomes 

(1 + S)<p' + {SMo + MoS) <p^0. 
Now adding and subtracting A4of and using Eq. (25) we are left with 

(1 + S) [ip' + Mo'p] = . (27) 



^Now it is clear why wc chose T = — (T3 although such election is not arbitrary since it 
affects the projector of the supersymmetry parameters (see appendix B). 
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Taking then the complex conjugate of (27) and using the identities eS e — S* 
and = — 1 we finally find 



and thus 



[l-S) 



0, 



(f) J V ^ / 

which explicitly reflects the supersymmetry of the boundary conditions. 
Concerning the action one can easily rewrite it as^*^ 

+ Fe (-^5 + M) + (/.e (-^5 + M) F + ijj, {d^ - M) i/j + h.c] 



(28) 



+ 



9S 



K 



1 1 1 

-ssipcip - -s+ipc-ipc + -^s_i> ip + h.c. 



- ^Mpo ■ sV(l + S)^ - \{^^S^y (29) 

where K comes from partial integration and is given by 

K = + + M (10/ - 101^) - 1 (V'c^ + 4^5) + cl>,F + ^cF* , 

and in addition we have deflned s± — si± is2 and s — (si, S2, S3). 

Notice that the bulk term of (29) is already = 1 invariant without any 
boundary contribution, which implies that S^^ = Sbd + Jq^, ^ ^'^ 
Let us now explicitly check this point. The fermionic component of S'^^ is 
given by 

r 1 11 1 

-0(1 + 53)^0^^+ -s+tpc'tpc- -S-'^V' + h.c. (30) 
as L ^ ^ ^ 

while for the bosonic sector we flnd 
f LImpo ■ sV(l + S)v + l {^^ {1-S)^)' + M^^asv + <PcF + (P^F 

JdT, L ^ ^ 

+ V + Vg^ + (pcF + (plF* ] . (31) 
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For simplicity in the notation we omitted the subscript /. 



8 



Using now the boundary conditions and the equations of motion for the 
auxihary fields (31) reduces to 



JdT, 



(32) 



Then it can be easily checked that 



<f>*F: + <t>,F = 1(1 + S3) (F,0 + <t>,F) + - is+0ei^c + h.c. 

+ l^^e{l + S)T+\Th{l + S*)^\ 



(33) 



where using the identities eS e — S* — one immediately realizes that the 
last two terms separately vanish upon the use of boundary conditions. Thus, 
as claimed, we can write the whole action in terms of superfields as 



S= f d'^e[WW + WcW^- [ d^eW^id^- M)W + h.c. 
Jt. Jy. 



+ / di'e 



-WWc + ^WW - ^WcWe 

2 4 4 



+ h.c. 



(34) 



A comment on gauge charges is in order here. The gauge charges assignment 
is not the usual one in the sense that if W transforms in the 9^ representation, 
Wc lies in Instead, one must find a representation of the gauge group 
where the reality constraints are preserved, as it is done in Ref. [6]. 

RecaUing that we have taken po — (0,0, 1), in order to have a general 
mass configuration we simply undo the SU{2)h rotation. Explicitly, (34) 
can be rewritten in a compact way as 



[ d'^eWW-l f d^e[W^eW + MW^epo-aW]+h.c. 
-\ I d^^W^e^W + h.c. (35) 

where W = (Wc^ WY' (already SU{2)h covariant). Therefore an arbitrary 
SU{2)h rotation leaves the kinetic term invariant while the mass term is 
brought into the generic form 

Mp-a. (36) 
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In fact this is not only the most general mass term compatible with the 4D 
N = 2 structure [10], but the most general one compatible with the 5D 
Lorentz invariance. In terms of a 4-component 5D Dirac spinor the most 
general mass term can be written as 

q;** + /3*^C* + /3**^C**, (37) 

with Q! e M and C the 5D charge conjugation matrix. One can easily check 
that (37) expressed in terms of 2-component Weyl spinors precisely yields a 
mass matrix of the form (36). 

3.1 General boundary term 

In this section we will briefly check that the boundary term previously dis- 
played is indeed on-shell equivalent to the most general boundary term that 
can be written, which is 

5bd= / £e[f^WW + ^W,Wc + iyWWc]+h.c. (38) 

where /x, A and v are arbitrary complex numbers. The variation of »Sbk + «Sbd 
yields the boundary term 

/ {m^ {\W^ + vW) + m {iiW + vW^ - + h.c. 

which provides the boundary conditions 

[iW ^vW^-Wc = (39) 
AW^c = . (40) 

One can easily check that in order to not overdetermine the system the 
complex parameters have to satisfy the relation 

/X A-(i/-l)i/ = 0, (41) 

and that (39)- (40) are invariant under the redefinitions 

W^^W,\^ ^\-v . (42) 
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In the special case u — the boundary conditions reduce to 

A = 0, fiW-Wc^O 

or (43) 
= 0, = 

while the case z/ = 1 is obtained from the previous one by means of the 
redefinitions (42). In the general case u ^ {0, 1}, (39)-(40) reduce to 

zWc + W^O 

with z — X/iy. This means that we have a lot of redundancy in the parameters 
ly, IJ>,X since only the complex number z plays a role in solving the boundary 
conditions. Actually by letting z to take any complex value we cover the 
whole set of boundary conditions including z/ = 0, which corresponds to 
z — > oo. As a matter of fact, the parameterization 

1 11 / 

verifies /IqXo — {j^o ~ l)^o — ~ ^) — ^ mapping z — 6~"^ 

covers the whole complex plane. 



4 Supersymmetry breaking by boundary terms 

As we saw previously, supersymmetry is broken by the boundary terms 
whenever to ^ t-^ and/or Nf ^ p ■ SfM. The misahgnment of the R- 
matrices is equivalent to have a local SU{2)r transformation, e'^'^''^, such 
that = e™^''^ Tqc^™^''^ which is a Scherk-Schwarz like breaking [11, 12, 6] 
and therefore a (super) soft breaking. A very elegant proposal consists of 
breaking supersymmetry at the supergravity level via the expectation value 
acquired by some auxiliary field of the supergravity multiplet [13, 14]. 

We suggest a very similar breaking mechanism [15] restricting to the case 
of flat space x /, where / is the interval [0, tt], with the metric 

ds^ = rji^^dx^dx" - R^dy^ , (44) 

where R is the radion fleld which parametrizes the compact extra dimension 
labeled by y, which ranges from to tt. Supersymmetrization of the radion 
fleld is given by 

T ^ R + iB5 + 9<i/% + 9^Ft , (45) 
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where is the fifth component of the graviphoton, is the fifth compo- 
nent of the right-handed gravitino and Ft is a complex auxiliary field. The 
supersymmetric action will be given by 

S = [ d^^^^^WW-^ / d^e[W'^€W + MTW'^ep- a W] +h.c. 

(few'^eSW + h.c. (46) 



1 
4 



'as 



Supersymmetry can be spontaneously broken by allowing expectation values 
for the auxiliary field of the radion 

{T) = R + 2u;e^, (47) 

uj being a dimensionless constant. The bosonic sector of (46), disregarding 
the 4D kinetic term, reads^^ 

Js I 2 2 



H — M UJ (f^ep ■ a(p + h.c. 

2 



2/ 



J^' e Sip + h.c. (48) 

Obviously, the boundary conditions are the same as before, that is 

{1-S)(p^{l-S)T^0, (49) 

and since the new equations of motion for the auxiliary fields are 

J^^e[cp' + Mp-aip]* -ujip, (50) 

it is clear that (49) is equivalent to the system^^ 

{1-S)cp^0, (51) 
{1 + S)[(p' + Ms-p(p]^0, (52) 



^^The fermions are unaffected by the radion VEV. 

^^The boundary conditions are the same because we are working in a Hosotani hke basis. 
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or in the language of real formalism 

(1 - ag eg) 5) $ = , (53) 
(1 + aa ® S) [$' + Ms ■ j9 $] = . (54) 

In addition, the bulk (bosonic) action can be written as 

11 1 
--$^n$ + -^^Dl^ + - (^5$)^ $ + (mass term) , (55) 



L 



s 2 4 ^ 4 

with 0^ — 85 + \uj(72 and thus by a local redefinition 

the connection is absorbed and the breaking takes place at the boundaries 
since now = C^'^'TqC-'''''^ . 

In order to study the nature of the breaking due to the departure of Nf 
from M Sf ■ p we shall consider the boundary action (34) plus an effective 
coupling such that the new boundary term is given by 



d^^W^e^W + h.c. 



1 

4 

J_ f ..A 

A3 



as 



/ d-^^i (A/';A/>+A/>jV;) WW, (56) 
with A the scale of the cutoff and J\ff,J\f'^ localized superfields whose auxiliary 

F'fFf 

fields acquire VEVs, say Ff,Fj, such that ^3- = Nf. Now the (bosonic) 
boundary conditions'^ turn into 

(1-Sf)^^0, (57) 
{1- Sf)J^ -2Nf€ip* ^0, (58) 

with given by (21). Finally, using the identity e S e — S* we are left with 

(l-5;)^ = 0, (59) 
(1 + Sf) [85 + SfpM + Nf]ip = 0, (60) 

This shows explicitly that this breaking has a soft nature, a result which the 
calculation of the radiative corrections coming from such breaking term to 
the Higgs mass couphng strongly suggests [6]. 
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The fermionic boundary conditions are unaffected. 
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5 Conclusions 



The main objective of the present work was to exphcitly show the transla- 
tion into superfield language of a model for Electro Weak Symmetry Break- 
ing (EWSB) developed in component fields subject to reality constraints. 
Albeit the model was proven to be (on-shell) supersymmctric under certain 
bulk-brane configurations, that being broken by boundary terms, it was not 
totally evident how to develop an equivalent off-shell supersymmctric model. 
To build such a dictionary was motivated by several reasons: The model pre- 
dicted a very interesting scenario where a tachyon mode for the Higgs was 
present at tree level. This opened a chance for the EWSB to be triggered by 
the negative top-stop corrections, since the negative squared mass could par- 
tially cancel the positive gauge corrections. For that, however, an exhaustive 
study of the quantum behavior of the model is needed but, unfortunately, to 
embed interacting terms within the real formalism is not an easy task. On 
the other hand, the breaking of supersymmetry comes from the misalignment 
between several bulk-brane parameters, one of them being easily identified 
with a Scherk-Schwarz like breaking, and coming both from boundary terms 
it indicates a spontaneous mechanism, nevertheless, a explicit translation 
into superfield formalism helps to clarify its nature. 

It is worth remarking, however, that the dictionary we have developed so 
far does not mean to be neither a formal proof nor a consistent extension of 
the model, at any level. For that, among other aspects, one should justify 
the presence of the spurion fields breaking the supersymmetry through their 
vacuum expectation values. 
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A Supersymmetry of boundary conditions 

The (on-shell) variations of the boundary conditions, Eqs. (10-11-12), are 
given by 

(1 + R) S^^ = -XT' (i7' - 5) * + i (xi7' + ^x) , 

i-l + R) [S^<^' + NS^^ =i (xi7' + Tx)m^ + T xi'M (ij^ 

- [xh' + Tx) ^-iTx7'^(i7' 
+ i(N - Mp- s}Tx (17^ + S^^ 
-iN (^xh' + Tx) 17'*, 

+ (i7'^x -~xt)m<^ + xTM{i + r)<^ 
+ 7' (i7'x-xr) 

where we have used the (bulk) equations of motion for the fermions as well 
as those for the auxiliary fields. Furthermore, we have omitted the it! and 
H indices as well as the subscript /. The above variations cancel upon the 
restrictions 

Nf = Mp-Sf, (i7^-r^)x = 0. (61) 

B N=l splitting 

To complete the dictionary between the real and the superfield descriptions 
we will briefly give the splitting of the 5D hypermultiplet into 4D superfield 
pieces. Being T — —a^ the projection on the supersymmetry parameters, 
Eq. (61), reads 



■ sj * 
5) ^ 
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with 



V 



as a consequence ^ = and the supersymmetric transformations, Eq. (14), 
can be written as 

M-i^R) = -ta^vd^{-t^lr+ri{-2Fl + id,^\y 
Sr,{-2F^+id5^ly = -ifja'^d^i-ij],) (63) 

5,i-2F^-id5^l) = -ifja^d^i-iipl) (64) 

which corresponds to the pair of chiral superfields [2] 

W = i^* + V2 9 (-^]j) + (-2F1* - ia5$}*) 9^ , (65) 
Wc = (-i$i) +V2eV'i+ (-2^2 -1^5*2) (66) 
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